ABSTRACT. In a recent paper [CHAJDA, I.-KÜHR, J.: A non-associative generalization of MV-algebras, Math. Slovaca 57, (2007), 301-312], authors introduced and studied a non-associative generalization of MV-algebras called NMV-algebras. In contrast to MV-algebras, sections (i.e. principal filters) in NMV-algebras which are proper (i.e. are not MV-algebras), do not admit a structure of an NMV-algebra with respect to the operations defined in a natural way. The aim of the paper is to present a new class of algebras generalizing MV-algebras but sharing the above property.
Introduction
Recall that MV-algebras were introduced in 50'ties by C . C . C h a n g as an algebraic semantics of the Lukasiewicz many valued propositional logic (see [6] , [7] ). More precisely, an MV-algebra is an algebra (A, ⊕, ¬, 0) of type (2, 1, 0) satisfying the identities:
A typical example of an MV-algebra can be obtained as follows: consider any abelian lattice ordered group (G, +, −, 0, ∧, ∨) and take 0 < u ∈ G. Then the interval [0, u] = {x ∈ G : 0 ≤ x ≤ u} with the operations defined by 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 03G10, 06D35. K e y w o r d s: MV-algebra, λ-lattice, (section) involution. The financial support by the grant of Czech Government MSM 6198959214 is gratefully acknowledged.
RADOMÍR HALAŠ -LUBOŠ PLOJHAR
x ⊕ y := (x + y) ∧ u and ¬x := u − x becomes an MV-algebra. Denoting such an MV-algebra as Γ(G, u), D . M u n d i c i [15] (see also [8] ) proved that for every MV-algebra A there exists an abelian l-group G and 0 < u ∈ G with A ∼ = Γ(G, u).
Given an MV-algebra A , the relation ≤ defined by
is known to be a lattice order on A with x ∨ y = ¬(¬x ⊕ y) ⊕ y and x ∧ y = ¬(¬x ∨ ¬y), the top or the bottom element of which is 1 or 0, respectively. Moreover, for any MV-algebra A and p ∈ A, one can define on the interval [p, 1] (usually called section) a structure of an MV-algebra (called section MV-algebra on [p, 1]) in a natural way as follows:
In the recent years a non-commutative generalization of MV-algebras was introduced and studied by G . G e o r g e s c u and A . I o r g u l e s c u [11] as pseudo MV-algebras and independently by J . R a c hů n e k under the name GMV-algebras ( [16] ).
In principle, these are algebras with a binary operation ⊕ and two unary operations ∼ and ¬ (negations) coinciding whenever ⊕ is commutative. More precisely, given any (not necessarily commutative) l-group G and 0 < u ∈ G, then upon defining
Similarly as for a commutative case, A . D v u r eč e n s k i j [9] proved that all GMV-algebras are of the form Γ(G, u) for any l-group G.
Another important approach to generalize MV-algebras by omitting associativity (MV1) but keeping commutativity (MV2) was done by I . C h a j d a and J . Kü h r [3] . More precisely, they considered algebras (A, ⊕, ¬, 0) of type (2, 1, 0) satisfying the axioms (MV2)-(MV6), where the axiom (MV1) was substituted by two more axioms
These algebras are called NMV-algebras (non-associative MV-algebras) ( [3] ). Clearly, every MV-algebra fulfils the axioms (WA) and (H), but the converse is not true.
To clarify the role of the axiom (WA), its validity enables to prove that the relation ≤ defined by (1) remains transitive (and hence being the order relation). From a logical point of view, such a property is quite natural since in all reasonable logics the set of truth values should be partially ordered.
WEAK MV-ALGEBRAS
We have seen that the sections in MV-algebras form MV-algebras as given by (2) . However, this property is not true for NMV-algebras: I . C h a j d a recently proved that given an NMV-algebra A , the sections [p, 1] have a structure of an NMV-algebra as defined by (2) iff ⊕ is associative. In other words, an NMV-algebra shares the mentioned property iff it is an MV-algebra.
The aim of this paper is to find a new class of generalized MV-algebras admitting the same structure on sections.
Weak MV-algebras
Ò Ø ÓÒ 1º An algebra (A, ⊕, ¬, 0) is called a weak MV-algebra of type (2, 1, 0) or WMV-algebra briefly if it satisfies the axioms (1 := ¬0):
Note that applying (WMV4) and (WMV5), every WMV-algebra satisfies the identity
To show that the relation defined by (1) is a partial order on A for any WMV-algebra A , we use the same arguments as in the case of NMV-algebras: putting x = 0 in (WMV5), with respect to (WMV4), we obtain the identity ¬y ⊕ y= 1, so ≤ is reflexive. The antisymmetry of ≤ is guaranteed just by (WMV1), (WMV4) and (WMV3). Finally, if x ≤ y and y ≤ z then ¬x ⊕ y = ¬y⊕z = 1, hence (WMV2) together with (WMV4) entail ¬x⊕z = 1. Altogether, ≤ is a partial order on A.
In the sequel we will discuss a structure of sections in WMV-algebras. To this aim, we need the following terminology.
Given a poset (
Directed poset is both upwards and downwards directed.
In his unpublished thesis [17] , V . S náš e l introduced the concept of a λ-semilattice as a natural generalization of semilattices: an algebra (L, ∪) of type (2) is called a λ-semilattice if it satisfies the identities (S1)
Remark that λ-semilattices were studied by J . J ež e k and R. Quackenbush under the name directoids, see [12] .
Similarly as for lattices, by a λ-lattice ([18]) we mean a structure (L, ∪, ∩), where (L, ∪) and (L, ∩) are two λ-semilattices connected by absorption laws
It is quite easy to show that given a λ-semilattice (L, ∪), the relation ≤ defined by
An order relation defined by (3) will be referred as an induced order. Thus (L, ≤) is an upwards directed poset.
Remark that given a λ-lattice L = (L, ∪, ∩), the induced order ≤ defined by (3) coincides with that given by x ≤ y ⇐⇒ x ∩ y = x. Hence we can refer to ≤ as the induced order on a λ-lattice L .
A structure (L, ∪, f) is then said to be a λ-semilattice with an antitone involution f .
By a λ-lattice with an antitone involution f we mean a structure (L, ∪, ∩, f), where (L, ∪, f) is a λ-semilattice with an antitone involution f .
The next statement shows that each WMV-algebra can be viewed as a λ-semilattice of WMV-algebras:
is a λ-lattice with an antitone involution. P r o o f. First we show that (A, ∪) is a λ-semilattice. Indeed, putting y = z = 0 in (WMV2) we obtain ¬x⊕x = 1, thus x∪x = ¬(¬x⊕x)⊕x = ¬1⊕x = 0⊕x = x due to (WMV4). Clearly (WMV3) just means that x ∪ y = y ∪ x. The axiom (WMV2) can be rewritten to ¬x ⊕ ((x ∪ y) ∪ z) = 1. Thus
Further, the axiom (WMV5) is equivalent to y ≤ ¬x ⊕ y, hence for each p ∈ A, ∪ is a binary operation on [p, 1] .
To show that ([p, 1], ∩ p ) is a λ-semilattice, we compute 
According to (WMV5), x•p, y •p ≥ p, hence ((x•p)∪(y •p))∪p = (x•p)∪(y •p) and P = (((x
Finally, we show the validity of absorption laws: we have
and we are done. Now we show that
Hence, the validity of (WMV2) for [p, 1] is a conclusion of (WMV2) for A . 
λ-semillatices with section antitone involutions
By a λ-semilattice with section antitone involutions we mean a λ-semilattice (S, ∪) with the top element 1, where every section [p, 1] has an antitone involution p : x → x p . If, moreover, (S, ∪) has a least element 0, we speak about a bounded λ-semilattice with section antitone involutions.
Thus a λ-semilattice with section antitone involutions is a structure of type (S, ∪, ( a ) a∈S , 1).
In order to overcome the difficulties with many partial unary operations p , one can define a total binary operation • on S by
The following easy lemma shows that λ-semilattices with section antitone involutions can be axiomatized by identities:
Ä ÑÑ 1º A λ-semilattice (S, ∪) with the top element 1 is a λ-semilattice with section antitone involutions iff there is a binary operation • on S having the properties:
P r o o f. Let (S, ∪) be a λ-semilattice with section antitone involutions with the induced order ≤ and let • be defined by (4) 
To prove (ii), we compute (x•y)•y = ((x∪y) y ∪y) y = (x∪y) yy = x∪y. Finally,
Conversely, assume that • satisfies the conditions
Moreover, in view of (ii) and (iii)
Lemma 1 V is regular: Let
We show that t 1 (x, y, z) = t 2 (x, y, z) = z iff x = y.
Prove that m(x, y, y) = m(x, y, x) = m(y, y, x) = x. We have We shall prove that there is a 1-1 correspondence between WMV-algebras and bounded λ-semilattices with section antitone involutions:
Ì ÓÖ Ñ 3º Thus given x, y, p ∈ A, we have p ≤ x ∪ p ≤ (x ∪ p) ∪ y, which due to (WMV6) yields
